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We consider higher dimensional topological Taub-NUT/Bolt-AdS solutions where a cosmological
constant is treated as a pressure. The thermodynamic quantities of these solutions are explicitly
calculated. Furthermore, we find these thermodynamic quantities satisfy the Clapeyron equation.
In particular, a new thermodynamically stable region for the NUT solution is found by studying the
Gibbs free energy. Intriguingly, we also find that like the AdS black hole case, the G−T diagram of
the Bolt solution has two branches which are joined at a minimum temperature. The Bolt solution
with the large radius, at the lower branch, becomes stable beyond a certain temperature while the
Bolt solution with the small radius, at the upper branch, is always unstable.
I. INTRODUCTION
It has been found that the area of the event horizon
of a black hole is proportional to its physical entropy
in search for similarities between black hole physics and
thermodynamics [1]. It has been successively suggested
that by using the thermodynamic relationship between
the thermal energy, temperature, and entropy, the first
law of black hole thermodynamics can be expressed in the
similar forms to the first law of standard thermodynamics
[2]. It has been also found that there is a phase transi-
tion in the Schwarzschild-AdS black hole through inves-
tigations of complete analogy between black hole system
and standard thermodynamic system [3]. Since then, it
has been studied for the phase transitions and critical
phenomena in a variety of black hole solutions [4]-[7] and
extensively investigated in various thermodynamic issues
of black hole in higher dimensional AdS space [8]-[18].
It has been recently suggested that by considering
(d+1)-dimensional AdS black holes, the thermodynamic
pressure p is given by
p = − 1
8pi
Λ =
u(2u+ 1)
8pil2
, (1.1)
in units where G = c = ~ = kB = 1, and u is of the form
d+ 1 = 2u+ 2 with a positive integer u. Several series of
relevant investigations have been performed [19]-[42].
Recently, it has been shown that the thermodynamic
volume in the Taub-NUT-AdS case can be negative. This
negative thermodynamic volume may be interpreted in
that the environment (universe) applies work to the sys-
tem (Taub-NUT-AdS black hole) in the process of the
Taub-NUT-AdS black hole formation, while the positive
thermodynamic volume may be interpreted as applying
the work on the environment (universe) by the system
(the whole black hole) considering the process of forming
the black hole [30]. They also have found that there is
the first order phase transition from Taub-NUT-AdS to
Taub-Bolt-AdS with considering the phase structure of
∗ cohlee@kunsan.ac.kr
these black holes [36]. This issue has been studied for
the Kerr-Bolt-AdS case [35] and investigated extensively
in higher dimensional NUT/Bolt case. In these higher di-
mensional cases, it has been particularly found that the
Taub-NUT-AdS solution has a thermodynamically sta-
ble range as a function of the temperature for any odd u
and there is the transition from Taub-NUT-AdS to Taub-
Bolt-AdS for all odd u only [43].
Furthermore, it has been shown that this higher di-
mensional NUT/Bolt case with a discrete parameter k
can be generalized [44]. In the context of the extended
thermodynamics, the thermodynamic properties of the
case k = 1 has been studied [43] only. Thus, it would
be interesting to be a similar discussion of the general-
izations in the k = 0,−1 topological solutions. More
intriguingly, their thermodynamic phase structure would
be investigated through exploring the behaviour of the
Gibbs free energy since understanding its behaviour is
essential for uncovering possible thermodynamic phase
transitions. In this paper, we address these questions.
The paper is organized as follows: in the next section
we investigate thermodynamic properties in topological
Taub-NUT/Bolt-AdS spaces for any u. We explicitly ob-
tain the general forms of thermodynamic quantities such
as the entropy, the enthalpy, the specific heat, the tem-
perature, the thermodynamic volume, the Gibbs free en-
ergy, and the latent heat. In particular, by introducing
the Gibbs free energy we discuss their phase structure
and their instability. In the last section we give our con-
clusion.
II. TOPOLOGICAL TAUB-NUT/BOLT-ADS
SPACES
We consider topological Taub-NUT/Bolt-AdS metric
in higher dimensional spacetime and the general solution
in the Euclidean section is given by [45]-[51] (for the gen-
eralized versions of the issue, see e.g., [44])
ds2 = f(r)
{
dtE + 4N
∑u
i=1 f
2
k (
θi
2 )dφi
}2
+ dr
2
f(r)
+(r2 −N2)∑ui=1 {dθ2i + f2k (θi)dφ2i}, (2.1)
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2where N represents a NUT charge for the Euclidean sec-
tion, and the metric function f(r) is found to be
f(r) = r(r2−N2)u
∫ r { (a2−N2)u
a2 k +
(2u+1)(a2−N2)u+1
l2a2
}
da
− 2mr(r2−N2)u . (2.2)
with a cosmological parameter l and a geometric mass
m. The discrete parameter k takes the values 1, 0, −1
and defines the form of the function fk(θi)
fk(θi) =
 sin θi, for k = 1θi, for k = 0sinh θi, for k = −1, (2.3)
and the space M2 corresponds to a two dimensional
sphere for k = 1, plane for k = 0, and pseudohyper-
boloid for k = −1, respectively. For k = 1, the NUT
solution occurs when solving f(r)|r=N=0. The inverse of
the temperature β is obtained by requiring regularity in
the Euclidean time tE and radial coordinate r [45]-[51]
β = 4pif ′(r)
∣∣∣
r=N
= 4(u+1)piσ N, (2.4)
where σ is a positive integer and β is the period of tE .
The σ appears since the period cannot be bigger than
4(u+1)piN , so that the Misner-string singularities vanish.
However, when σ has an integer value, the period can
smaller than 4(u+1)piN . This property is not guaranteed
for k = 0 and k = −1 since there is no Misner-string and
no periodicity of time t. However, it was shown that
this holds for the k = 0,−1 cases through checking the
self-consistency of the thermodynamic relations [51].
Let us first consider the NUT solution (r = N). Then
after taking σ = 1 for convenience without loss of general-
ity, we obtain the following formula for the temperature:
1
β = T =
k
4(u+1)piN (2.5)
where k has 1 or 0 since there are no hyperbolic NUT
solutions. Thus, for the NUT solution we consider the
cases k = 1, 0 only.
Using counter term subtraction method, we get the
regularized action [45]-[51]
INUT =
(4pi)uN2u−1(2uN2−kl2)
16pi
3
2 l2
Γ( 12 − u)Γ(u+ 1)β,(2.6)
where the gamma function Γ(t) is defined as Γ(t) =∫∞
0
xt−1e−xdx.
Employing the Gibbs-Duhem relation S = βM−I and
substituting in (1.1), the entropy is found to be
SNUT =
(4pi)uN2u−1
{
16piN2p−(2u−1)k
}
16pi
3
2
×Γ( 12 − u)Γ(u+ 1)β. (2.7)
Here M is the conserved mass M = u(4pi)u−1m, and this
will be identified with enthalpy H (M ≡ H = U + pV )
[19], which leads to
HNUT = u(4pi)
u−1Γ( 32 − u)Γ (u+ 1)
{
N2u−1√
pi(2u−1)k
− 16
√
pi(u+1)N2u+1
u(2u−1)(2u+1) p
}
. (2.8)
One the other hand, by thermal relation C = −β∂βS,
the specific heat is given as
CNUT =
2pi(4u+1)(u+1)2SNUTT
2
pi(2u−1)(u+1)2T 2−kp , (2.9)
which is negative for p > pi(2u − 1)(u + 1)2T 2/k while
is positive p < pi(2u − 1)(u + 1)2T 2/k and diverges at
p = pi(2u− 1)(u+ 1)2T 2/k.
The thermodynamic volume is also obtained as
VNUT = −u(4pi)
uN2u+1
2
√
pi
Γ(− 12 − u)Γ(u). (2.10)
Then from the above thermodynamic quantities, the
generalized Smarr formula due to dimensional scaling ar-
guments for any value of k is given as
1
2
H − u
2u− 1TS +
1
2u− 1pV = 0, (2.11)
which is precisely matched with that of static d-
dimensional black holes with negative cosmological con-
stant [10, 19, 20].
Using an thermal relation U = H − pV , the internal
energy of Taub-NUT is obtained as
UNUT =
u(2u+1)
8pi
{
(2
√
piN)2u−1k − (2u+1)(2
√
piN)2u−1N2
l2
}
× Γ(− 12 − u)Γ(u+ 1). (2.12)
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FIG. 1. Plot of the entropy S4 (yellow solid curve), specific heat
C4 (green solid curve) and pressure p (red solid curve for p = 4piT 2,
and blue solid curve for p = 12piT 2, respectively) as a function of
the temperature T in four dimensions for k = 1.
Finally, employing the Legendre transform of enthalpy
G = H − TS, the Gibbs free energy is given as
GNUT =
k2u
(2
√
pi)2u+3
pi(2u+1)(u+1)2T 2−kp{
(u+1)T
}2u+1
× Γ(− 12 − u)Γ(u+ 1). (2.13)
Requiring both the entropy and the specific heat for k =
1 are positive, we get the following thermally stable range
of T for the NUT solution√
p
pi(2u−1)(u+1)2 < T <
√
p
piu(2u−1)(u+1) . (2.14)
For example, the NUT solution in four dimensions is ther-
mally stable in the region inside dashed box in Fig. 1.
3since both the entropy and the specific heat are positive
when
√
p
4pi < T <
√
p
2pi . However when the Gibbs free
energy is introduced, the NUT solution in some areas of
this region is still unstable since the Gibbs free energy
(2.13) is positive for p < 4piT 2 or p > 12piT 2 (as you
see in Fig. 1, the NUT solution in the shaded areas is
thermally unstable), that is to say that the Taub-NUT-
AdS system evaporates to a stable cold remnant (the
pure AdS spacetime) whereas the Taub-NUT-AdS sys-
tem is a more thermally stable configuration than the
pure AdS spacetime since the Gibbs free energy is neg-
ative for 4piT 2 < p < 12piT 2. For any u, the NUT
solution is thermally unstable since the Gibbs free en-
ergy (2.13) is positive for p < pi(2u − 1)(u + 1)2T 2 or
p > pi(2u+ 1)(u+ 1)2T 2 while the NUT solution is ther-
mally stable since the Gibbs free energy is negative for
pi(2u− 1)(u+ 1)2T 2 < p < pi(2u+ 1)(u+ 1)2T 2.
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FIG. 2. Plot of the (2u+ 2)-dimensional Gibbs free energy GNUT
as a function of temperature T for k = 1 & p = 1 (red solid curve
for u = 1, yellow solid curve for u = 2, brown solid curve for u = 3,
and green solid curve for u = 4, respectively).
For k = 1, as shown in Fig 2., when the temperature
T is bigger than a certain temperature, the Gibbs free
energy is positive for odd u while the Gibbs free energy
is negative for even u. In this range of the temperature
T the phase transition from the Taub-NUT-AdS spaces
to the pure AdS spacetime occurs for odd u whereas that
of the opposite direction occurs for even u. It is quite
natural that this thermodynamic behavior of the Taub-
NUT-AdS spaces changes due to odd u or even u since
the sign of the gamma function in the Gibbs free energy
(2.13) alternates due to odd u or even u.
Remarkably, this topological Taub-NUT-AdS solution
has the Hawking-Page transition between the Taub-
NUT-AdS spaces and the pure AdS spacetime, which
occurs on the line p˜coex = (2u+ 1)(u+ 1)
2piT 2/k, or
SNUT =
Γ( 12−u)Γ(u+2)
2
√
pi
{
k
2
√
pi(u+1)
}2u (
1
T
)2u
.
As shown in Fig 3., there is the NUT solution phase
for p < p˜coex at any fixed temperature while there is AdS
phase for p > p˜coex and the two states exist together for
p = p˜coex. The coexistence lines of the topological Taub-
NUT-AdS solution phases and the divergent lines of the
topological Taub-NUT-AdS solution specific heat move
more to the left as the dimension of spacetime increases.
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FIG. 3. For k = 1, the coexistence lines of the Hawking-Page phase
transition are solid curves and the specific heat diverges on dashed
curves (red solid/dashed curve for u = 1, orange solid/dashed
curve for u = 2, brown solid/dashed curve for u = 3, and green
solid/dashed curve for u = 4, respectively). (For interpretation of
the references to color in this figure legend, the reader is referred
to the web version of this article.)
The shift of entropy occurs on the coexistence lines of
the topological Taub-NUT-AdS solution phases, and so
the displacement of entropy is given by
∆S =
Γ( 12−u)Γ(u+2)
2
√
pi
{
k
2
√
pi(u+1)
}2u (
1
T
)2u
, (2.15)
which leads to the latent heat
LNUT =
Γ( 12−u)Γ(u+2)
2
√
pi
{
k
2
√
pi(u+1)
}2u (
1
T
)2u−1
,(2.16)
by an thermal relation L = T∆S, and the latent heat in
terms of p is obtained as
LNUT =
{
4(2u+1)
}u− 1
2
pi Γ(
1
2 − u)Γ(u+ 2)
(
1
p
)u− 12
.(2.17)
Then at any given temperature T for any u, the displace-
ment of entropy and the latent heat are zero in the case
k = 0 and for odd u are negative in the case k = 1.
The former is trivial since the temperature T (2.5) is
zero as well as the Gibbs free energy GNUT (2.13). How-
ever, the latter is related with energy supplied by the
process of forming the Taub-NUT-AdS system from the
pure AdS spacetime. It indicates a net release of latent
energy back into the environment because of evaporating
of Taub-NUT-AdS system. The latent heat (2.16), like
the AdS black hole case [38], vanishes as the temperature
goes to infinity instead of a certain finite value (critical
temperature) and a second order phase transition cannot
take place at a certain finite temperature. The pressure p
vanishes for asymptotically flat spacetime and the latent
heat (2.17) becomes infinity. This means that it is not
possible to spontaneously form the black hole from the
Minkowski spacetime.
For AdS spacetime the Gibbs free energy is GAdS = 0
and for the Taub-NUT-AdS solution
GNUT = UNUT − TSNUT + pVNUT. (2.18)
4Their differentials on the coexistence line are dGAdS = 0
and dGNUT = −SNUT dT + VNUT dp, which lead to
0 = dGAdS − dGNUT = SNUT dT − VNUT dp (2.19)
where the coexistence line with two states may be defined
by GAdS = GNUT. Hence, the insertion of (2.7) and
(2.10) into (2.19) yields
dp
dT =
SNUT
VNUT
= 2pi(2u+1)(u+1)
2
k . (2.20)
Furthermore, since the thermodynamic volume and the
entropy become zero for AdS spacetime we can write
∆V = VNUT and ∆S = SNUT, (2.21)
and have the Clapeyron equation dp/dT = ∆S/∆V .
As checking the self-consistency of the thermody-
namic relations, we can reproduce the above result (2.20)
through dpdT =
2pi(2u+1)(u+1)2
k , which shows that the
Clapeyron equation still holds for the NUT solution.
Let us consider the Bolt solution (r = rB > N). Re-
quiring f(r)|r=rB>N and f ′(r)|r=rM = 1N(u+1) , the Bolt
solution occurs. In Taub-Bolt-AdS metric, the inverse
of the temperature, the action, and the mass are respec-
tively
β = 4pif ′(r)
∣∣∣
r=rB
= 4pil
2rB
kl2+(2u+1)(rB−N2) , (2.22)
IBolt =
(4pi)u−1
4l2
[
(2u+1)(−1)uN2u+2
rB
+
∑u
i=0
(
u
i
)
(−1)iN2ir2u−2iB
{
l2
(2u−2i−1)rB k
− (2u+1)(u−2i+1)rB(2u−2i+1)(u−i+1)
}]
β. (2.23)
Here the Bolt radius rB is
rB,± =
l2±
√
l4+(2u+1)(2u+2)2N2[(2u+1)N2−kl2]
(2u+1)(2u+2)N ,(2.24)
where rB,+ denote the large radius of the Bolt solution
and rB,− is the small radius of the Bolt solution. The
discriminant of the square root in the Bolt radius (2.24)
is always positive for the k = 0,−1 cases but sometimes
negative for k = 1, and so the former has no upper limit
on N while the latter has the maximum magnitude of
the NUT charge Nmax
N ≤ l√
2(u+1)(2u+1)[u+1+
√
u(u+2)]
= Nmax. (2.25)
Furthermore, from the Bolt radius (2.24) one can find in
the cases k = 0,−1 the large radius rB,+ exists only for
N > 0 since the Bolt solution occurs for rB,± > N .
Using parallel way as in the case of the NUT solution,
the enthalpyHBolt, the entropy SBolt, and thermodynam-
ics volume VBolt for the Bolt solution yields respectively
HBolt =
u(4pi)u−1
2
{∑u
i=0
(
u
i
)
(−1)iN2ir2u−2i−1B
(2u−2i−1) k
+ 8piu
∑u+1
i=0
(
u+ 1
i
)
(−1)iN2ir2u−2i+1B
(2u−2i+1) p
}
,(2.26)
SBolt =
(4pi)u−1
4
[∑u
i=0
(
u
i
)
(2u−1)(−1)iN2ir2u−2i−1B
2u−2i−1 k
+
{∑u
i=0
(
u
i
)
8pi(2u2+3u−2i+1)(−1)iN2i
u(u−i+1)(2u−2i+1)
× r2u−2i+1B + 8pi(2u−1)N
2u+2
urB
}
p
]
β, (2.27)
VBolt =
piu(2rB)
u−1
2u+1
{
− 2(N2 − r2B)
(
1− N2
r2B
)u
+r2B
(
N
rB
)2u+1
B
(
N2
r2B
, 12 − u, u+ 1
)}
, (2.28)
where the incomplete beta function B (x, a, b) is defined
as B (x, a, b) =
∫ x
0
ta−1(1 − t)b−1dt. Like the previous
NUT case, these thermodynamic quantities satisfy the
generalized Smarr formula (2.11).
The specific heat is given as
CBolt,± = u(2u+1)
2p
2
√AB±2T2
( 14pi )
u
(
piuT
kp +
√A
(u+1)(2u+1)kpT
)2u
×
[
T2
p
(
1− k4(2u+1)2p2B±2
)u
×
{√A(k4p2−pik3u(u+1)2pT 2−2pi2u2(u+1)2T 4)
+(u+1)(2u+1)
(
−k7p3+2pik6u(u+1)2p2T 2
+pi2k3u2(u+1)2pT 4−2pi3u3(u+1)2T 6
)}
+ k
3
piu(2u−1)
(
piu(u+1)B±T 2+k4(2u+1)p2
−2pik3u(2u+1)(u+1)2pT 2
)
×
(
−kp+piu(u+1)(2u−1)T 2
)
×1F2
(
1
2−u,−u; 32−u; k
4(2u+1)2p2
B±2
)]
, (2.29)
where CBolt,+ denotes the specific heat with the radius
rB,+, and CBolt,− is the specific heat with the radius rB,−.
Here, A and B± are
A = (2u+ 1)2(k4p2 − 2pik3u(u+ 1)2pT 2 + pi2u2(u+ 1)2T 4,
B± =
√
A± piu(u+ 1)(2u+ 1)T 2,
and the hypergeometric function 1F2(a, b; c; , z) is defined
for |z| < 1 by the power series
1F2(a, b; c; , z) =
∑∞
n=0
(a)n(b)n
(c)n
zn
n! . (2.30)
For example, the four-dimensional specific heat is ob-
tained as
CBolt,± = − piT24k2p2±
(k8p4−6pik7p3T2+2pi2k4p2T4−8pi3k3pT 6+8pi4T 8)
16pi2k2p2T4
√
k4p2−8pik3pT2+4pi2T4
,
(2.31)
which is well matched with the result in [51]. Here, as
far as we know, even if including the Bolt solution with-
out a cosmological constant treated as a pressure, the
specific heat (2.29) is firstly shown in the analytical ex-
pressions. In fact, since the specific heat of the Bolt so-
lution for arbitrary dimensions has a highly complicated
5high-order polynomial terms, the analytical expressions
have not been obtained even for the case k = 1. Further-
more for k = 1 the four-dimensional specific heat CBolt,±
(2.31) diverges at T = T2
T2 =
√
p
pi +
√
3p
2pi , (2.32)
and for k = 1 the higher dimensional specific heat (2.29)
also diverges at T
T =
√
p√
piu
√
1 +
√
u
√
u+2
u+1 . (2.33)
The internal energy of AdS-Taub-Bolt U is given as
UBolt =
(4pi)u−1
4l2 uN
2u−1
{
(2u+ 1)N2 − kl2
}
× B
(
N2
r2B
, 12 − u, u+ 1
)
, (2.34)
and the Gibbs free energy
GBolt = u
(
N
rB
)2u
B
(
N2
r2B
, 12 − u, u+ 1
)
k + 16piNrB2u+1
{
(
1− N2
r2B
)u+1
−
(
N
rB
)2u+1
B
(
N2
r2B
, 12 − u, u+ 1
)}
p.
(2.35)
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FIG. 4. Plot of the (2u+ 2)-dimensional Gibbs free energy GBolt
as a function of temperature T for any u (red solid/dahsed curve
for u = 1, yellow solid/dashed curve for u = 2, brown solid/dashed
curve for u = 3, and green solid/dashed curve for u = 4, respec-
tively) for pressure p = 3 and k = 1.
As shown in Fig 4., two branches (the red solid curve
and the red dashed curve) are joined at the tempera-
ture T2. At this temperature two phases occur, that is
to say that the upper branch (red dashed curve) is the
phase of the Taub-Bolt-AdS system with the small ra-
dius rB,− and the lower branch (red solid curve) is the
phase of the Taub-Bolt-AdS system with the large ra-
dius rB,+. Like the AdS black hole case, at T2 (2.32) the
four-dimensional specific heat of the Bolt solution also
diverges and the higher dimensional cases diverge at T
(2.33). Since the Gibbs free energy is positive, the Bolt
solution for the upper branch is unstable whereas since
the lower branch includes the negative value of the Gibbs
free energy, this solution in such region becomes stable.
Thus, when GBolt = 0, like the Taub-NUT-AdS black
hole case, there are the Hawking-Page transition between
the Taub-Bolt-AdS black hole and the pure AdS space-
time, which occurs on the lines for the upper branch rB,+
p¯coex,+ =
[
pi2u(2u+1)(u+1)2T 4
k5
× D
u+1B(D, 12−u,u+1)
(1−D)u+1/√D+uDuB(D, 12−u,u+1)
]1/3
,(2.36)
with
D = k4p2[√
k4p2−2piu(u+1)2k3pT 2+pi2u2(1+u)2T 4+piu(u+1)T 2
]2 .
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FIG. 5. For the four-dimensional NUT solution and Bolt solution,
plot of p as a function of T . Here T2 and T3 are the same values
used in Fig 4.
Furthermore as shown in Fig 5., the thermodynamic in-
stability of the Taub-NUT/Bolt-AdS system is classified
by the value of the temperature T . When T > T0, the
Taub-NUT-AdS system evaporates to a stable cold rem-
nant. When T0 ≤ T ≤ T1, the Taub-NUT-AdS system
is a thermally stable configuration. When T1 < T < T2,
and then the Taub-NUT-AdS system evaporates again
since the four-dimensional entropy S4 is negative. When
T2 ≤ T < T3, the Taub-Bolt-AdS system with two phases
occurs at T2 but still evaporates since the Gibbs free en-
ergy of the Taub-Bolt-AdS system is positive. Finally,
when T ≥ T3, the Taub-Bolt-AdS system with the large
radius rB,+ becomes stable since the Gibbs free energy
of the Taub-Bolt-AdS system is negative. This thermo-
dynamic nature of the Taub-NUT/Bolt-AdS system may
hold for higher dimensional cases since p− T phase dia-
grams in higher dimension are similar shapes [43].
From now on, considering the action difference of
Taub-NUT-AdS and Taub-Bolt-AdS, we investigate the
instability of the Taub-NUT/Bolt-AdS system. Their ac-
tion difference, ID is defined as IBolt − INUT
ID = (4pi)
u
8rBl2
[
2N(N2 − r2B)(u+ 1)
(
1− N2
r2B
)u
+(2uN2 − kl2)
{
(u+ 1)N2uB
(
N2
r2B
, 12 − u, u+ 1
)
− 2N2u√
pi
Γ( 12 − u)Γ(2 + u)
}]
. (2.37)
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FIG. 6. Plot of the four-dimensional action difference I4 as a
function of N for cosmological parameter l (from left to right) 1 to
5 for pressure p = 3 and k = 0. Solid lines are curves of I4 with
large radius rB,+.
Considering the four-dimensional case (u = 1), for
k = 1 taking the cosmological parameter l and the pres-
sure p as fixed parameters, the action difference ID be-
comes negative as N increases. This means that the
Taub-Bolt-AdS system with rB,+ is a more thermally
stable configuration than the Taub-NUT-AdS system for
ID < 0, and so there is the first order phase transition
from Taub-NUT-AdS system to Taub-Bolt-AdS system
with rB,+ at a critical NUT charge[36, 43]. As shown in
Fig 6., for the case k = 0 Taub-Bolt-AdS system with
rB,+ is stable only since the lower branch is always neg-
ative whereas the upper branch is always positive. It
is shown that the curves of I4 move more to the right
as the pressure p decreases (the cosmological parameter
l grows up) since p is inversely proportional to l. For
u = 2 a similar result is obtained as with the u = 1
case. Furthermore, I −N diagrams in higher dimension
are similar shapes [43]. Thus, this thermodynamic insta-
bility of the Taub-NUT/Bolt-AdS system may hold for
higher dimensional cases, and is well matched with the
result in [51].
III. CONCLUSION
We considered higher dimensional topological Taub-
NUT/Bolt-AdS solutions and in the context of the ex-
tended thermodynamics, explicitly calculated their ther-
mal quantities. In particular, we gave the analytical ex-
pressions of the specific heat for the k = 1, 0,−1 topo-
logical Bolt solutions.
By using these thermal quantities we also investigated
their phase structure. By introducing Gibbs free energy,
it was particularly found that there is a new thermody-
namically stable region of the NUT solution.
Furthermore, it was found that like the AdS black hole
case, for k = 1 Taub-Bolt-AdS system with two phases
occurs at a minimum temperature and at this tempera-
ture the specific heat diverges.
Recently using AdS/CFT correspondence, thermody-
namics and thermodynamic geometry have been covered
for Schwarzschild-AdS black hole in the extended phase
space [52]. It has been explored through the extensive ap-
plication of a RN-AdS black hole. They have shown that
its thermodynamic behavior is qualitatively the same as
that in the Schwarzschild-AdS case [53]. It would be of
interest to study the Taub-NUT/Bolt-AdS case in this
context.
[1] J. D. Bekenstein, Phys. Rev. D 7, 2333 (1973).
[2] J. M. Bardeen, B. Carter and S. W. Hawking, Commun.
Math. Phys. 31, 161 (1973).
[3] S. W. Hawking and D. N. Page, Commun. Math. Phys.
87, 577 (1983).
[4] C. O. Lousto, Phys. Rev. D 51, 1733 (1995) [gr-
qc/9405048].
[5] C. S. Peca and J.P.S. Lemos, Phys. Rev. D 59, 124007
(1999) [gr-qc/9805004].
[6] R. Banerjee, S. K. Modak and S. Samanta, Phys. Rev. D
84, 064024 (2011) [arXiv:1005.4832 [hep-th]].
[7] Y. S. Myung, Eur. Phys. J. C 72, 2116 (2012)
[arXiv:1203.1367 [hep-th]].
[8] A. Chamblin, R. Emparan, C. V. Johnson and R. C. My-
ers, Phys. Rev. D 60, 064018 (1999) [hep-th/9902170].
[9] M. Cvetic and S. S. Gubser, JHEP 9904, 024 (1999)
[hep-th/9902195].
[10] M. M. Caldarelli, G. Cognola and D. Klemm, Class.
Quant. Grav. 17, 399 (2000) [hep-th/9908022].
[11] S. S. Gubser and I. Mitra, JHEP 0108, 018 (2001) [hep-
th/0011127].
[12] R. -G. Cai, Phys. Rev. D 65, 084014 (2002) [hep-
th/0109133].
[13] T. K. .Dey, Phys. Lett. B 595, 484 (2004) [hep-
th/0406169].
[14] T. K. Dey, S. Mukherji, S. Mukhopadhyay and S. Sarkar,
JHEP 0704, 014 (2007) [hep-th/0609038].
[15] N. Banerjee and S. Dutta, JHEP 0707, 047 (2007)
[arXiv:0705.2682 [hep-th]].
[16] T. K. Dey, S. Mukherji, S. Mukhopadhyay and S. Sarkar,
JHEP 0709, 026 (2007) [arXiv:0706.3996 [hep-th]].
[17] R. A. Konoplya and A. Zhidenko, Phys. Rev. D 78,
104017 (2008) [arXiv:0809.2048 [hep-th]].
[18] R. Banerjee and D. Roychowdhury, JHEP 1111, 004
(2011) [arXiv:1109.2433 [gr-qc]].
[19] D. Kastor, S. Ray and J. Traschen, Class. Quant. Grav.
26 (2009) 195011 [arXiv:0904.2765 [hep-th]].
[20] M. Cvetic, G. W. Gibbons, D. Kubiznak and C. N. Pope,
Phys. Rev. D 84, 024037 (2011) [arXiv:1012.2888 [hep-
th]].
[21] B. P. Dolan, Class. Quant. Grav. 28, 235017 (2011)
[arXiv:1106.6260 [gr-qc]].
[22] D. Kubiznak and R. B. Mann, JHEP 1207, 033 (2012)
[arXiv:1205.0559 [hep-th]].
[23] S. Gunasekaran, R. B. Mann and D. Kubiznak, JHEP
1211, 110 (2012) [arXiv:1208.6251 [hep-th]].
7[24] S. H. Hendi and M. H. Vahidinia, Phys. Rev. D 88, no.
8, 084045 (2013) [arXiv:1212.6128 [hep-th]].
[25] R. -G. Cai, L. -M. Cao, L. Li and R. -Q. Yang, JHEP
1309, 005 (2013) [arXiv:1306.6233 [gr-qc]].
[26] W. Xu, H. Xu and L. Zhao, arXiv:1311.3053 [gr-qc].
[27] D. C. Zou, S. J. Zhang and B. Wang, Phys. Rev. D 89,
044002 (2014) [arXiv:1311.7299 [hep-th]].
[28] D. Kubiznak and R. B. Mann, arXiv:1404.2126 [gr-qc].
[29] D. C. Zou, Y. Liu and B. Wang, arXiv:1404.5194 [hep-
th].
[30] C. V. Johnson, arXiv:1404.5982 [hep-th].
[31] Y. Liu, D. C. Zou and B. Wang, arXiv:1405.2644 [hep-
th].
[32] H. Xu, W. Xu and L. Zhao, arXiv:1405.4143 [gr-qc].
[33] M. -S. Ma and Y. -Q. Ma, arXiv:1405.7609 [hep-th].
[34] W. Xu and L. Zhao, arXiv:1405.7665 [gr-qc].
[35] S. MacDonald, arXiv:1406.1257 [hep-th].
[36] C. V. Johnson, arXiv:1406.4533 [hep-th].
[37] A. M. Frassino, D. Kubiznak, R. B. Mann and F. Simovic,
arXiv:1406.7015 [hep-th].
[38] B. P. Dolan, Phys. Rev. D 90, no. 8, 084002 (2014)
[arXiv:1407.4037 [gr-qc]].
[39] B. P. Dolan, A. Kostouki, D. Kubiznak and R. B. Mann,
arXiv:1407.4783 [hep-th].
[40] B. P. Dolan, Mod. Phys. Lett. A 30 (2015) 03n04,
1540002 [arXiv:1408.4023 [gr-qc]].
[41] E. Caceres, P. H. Nguyen and J. F. Pedraza,
arXiv:1507.06069 [hep-th].
[42] A. Belhaj, M. Chabab, H. El Moumni, K. Masmar,
M. B. Sedra and A. Segui, JHEP 1505, 149 (2015)
[arXiv:1503.07308 [hep-th]].
[43] C. O. Lee, Phys. Lett. B 738, 294 (2014)
[arXiv:1408.2073 [hep-th]].
[44] R. B. Mann and C. Stelea, Phys. Lett. B 634, 448 (2006)
[arXiv:hep-th/0508203].
[45] A. Chamblin, R. Emparan, C. V. Johnson and R. C. My-
ers, Phys. Rev. D 59, 064010 (1999) [arXiv:hep-
th/9808177].
[46] S. W. Hawking, C. J. Hunter and D. N. Page, Phys. Rev.
D 59, 044033 (1999) [arXiv:hep-th/9809035].
[47] R. B. Mann, Phys. Rev. D 61, 084013 (2000) [arXiv:hep-
th/9904148].
[48] A. Awad and A. Chamblin, Class. Quant. Grav. 19, 2051
(2002) [arXiv:hep-th/0012240].
[49] R. Clarkson, L. Fatibene and R. B. Mann, Nucl. Phys. B
652, 348 (2003) [arXiv:hep-th/0210280].
[50] D. Astefanesei, R. B. Mann and E. Radu, Phys. Lett. B
620, 1 (2005) [arXiv:hep-th/0406050].
[51] D. Astefanesei, R. B. Mann and E. Radu, JHEP 0501,
049 (2005) [arXiv:hep-th/0407110].
[52] J. L. Zhang, R. G. Cai and H. Yu, JHEP 1502, 143
(2015) [arXiv:1409.5305 [hep-th]].
[53] J. L. Zhang, R. G. Cai and H. Yu, Phys. Rev. D 91, no.
4, 044028 (2015) [arXiv:1502.01428 [hep-th]].
